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fin = -JIm2Mz1+z6 H-sLz4+z7 H-tL-3-2 eps-z1-z4-z6-z7

Gamma@-z1D Gamma@-z2D Gamma@-z3D Gamma@-1 - eps - z1 - z4D
Gamma@-1 - eps - z1 - z2 - z3 - z4D Gamma@-z4D Gamma@1 + z2 + z4D Gamma@1 + z3 + z4D
Gamma@2 + 2 z1 + z2 + z3 + 2 z4D Gamma@-z6D Gamma@-1 - eps + z2 + z3 - z6 - z7D
Gamma@-2 - 2 eps - z1 - z4 - z6 - z7D Gamma@-z7D Gamma@1 - z2 + z7D Gamma@1 - z3 + z7D
Gamma@3 + 2 eps + z1 + z4 + z6 + z7D Gamma@2 - z2 - z3 + 2 z6 + 2 z7DN �

HGamma@-2 epsD Gamma@1 - z2D Gamma@1 - z3D Gamma@-1 - 3 eps - z1 - z4D
Gamma@2 + z2 + z3 + 2 z4D Gamma@2 - z2 - z3 + 2 z7DL

-JIm2Mz1+z6 H-sLz4+z7 H-tL-3-2 eps-z1-z4-z6-z7

Gamma@-z1D Gamma@-z2D Gamma@-z3D Gamma@-1 - eps - z1 - z4D
Gamma@-1 - eps - z1 - z2 - z3 - z4D Gamma@-z4D Gamma@1 + z2 + z4D Gamma@1 + z3 + z4D
Gamma@2 + 2 z1 + z2 + z3 + 2 z4D Gamma@-z6D Gamma@-1 - eps + z2 + z3 - z6 - z7D
Gamma@-2 - 2 eps - z1 - z4 - z6 - z7D Gamma@-z7D Gamma@1 - z2 + z7D Gamma@1 - z3 + z7D
Gamma@3 + 2 eps + z1 + z4 + z6 + z7D Gamma@2 - z2 - z3 + 2 z6 + 2 z7DN �

HGamma@-2 epsD Gamma@1 - z2D Gamma@1 - z3D Gamma@-1 - 3 eps - z1 - z4D
Gamma@2 + z2 + z3 + 2 z4D Gamma@2 - z2 - z3 + 2 z7DL

rules = MBoptimizedRules@fin, eps ® 0, 8<, 8eps<D
MBresidues::contour : contour starts and�or ends on a pole of Gamma@-eps - z1 + z2D

MBrules::norules : no rules could be found to regulate this integral

MBrules::norules : no rules could be found to regulate this integral

MBrules::norules : no rules could be found to regulate this integral

General::stop : Further output of MBrules::norules will be suppressed during this calculation. �
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integrals = MBcontinue@fin, eps ® 0, rules, Verbose ® FalseD;

ser = MBexpand@8integrals<, Exp@2 * eps EulerGammaD,
8eps, 0, -2<D �� MBmerge

:MBintBJIm2Mz1+z6 H-sL-2-z1-z6
Gamma@-z1D3

Gamma@1 + z1D Gamma@-z6D3
Gamma@1 + z6DN �

I2 eps2 t Gamma@-2 z1D Gamma@-2 z6DM, :8eps ® 0<, :z1 ® -
1

2

, z6 ® -
1

2

>>F>

Derivation of sums

<< MBsums.v1.0.m

MBsums v1.0 by Michal Ochman

The author would like to thank Tord Riemann

for many fruitful discussions
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int1 = ser@@1DD �. Im2Mz1+z6 H-sL-2-z1-z6
® H-xLz1+z6 H-sL-2H* m

2�s=x *L

MBintBIH-xLz1+z6
Gamma@-z1D3

Gamma@1 + z1D Gamma@-z6D3
Gamma@1 + z6DM �

I2 eps2 s2 t Gamma@-2 z1D Gamma@-2 z6DM, :8eps ® 0<, :z1 ® -
1

2

, z6 ® -
1

2

>>F

Lk = 8s ® -1 � 5, x ® -5, t ® -1 � 10<;

s1 = MBIntToSum@int1, Lk, 8z1 ® R, z6 ® R<D
z1->L H Re z1 < -1�2 L

z6->L H Re z6 < -1�2 L

9MBsumAIH-1L-n1-n2 H-xL-n1-n2 Hn1!L2 Hn2!L2M � I2 eps2 s2 t x2 H1 + 2 n1L! H1 + 2 n2L!M,
n1 ³ 0 && n2 ³ 0, 8n1, n2<E=

sx = SumAIH-1L-n1-n2 H-xL-n1-n2 Hn1!L2 Hn2!L2M � I2 eps2 s2 t x2 H1 + 2 n1L! H1 + 2 n2L!M,
8n1, 0, Infinity<, 8n2, 0, Infinity<E

8 ArcSinB 1

2 x

F
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2
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2
t H-1 + 4 xL

MBintegrate@8int1<, LkD
Shifting contours...

Higher-dimensional integrals

Preparing MBpart1eps-2 Hdim 2L

Running MBpart1eps-2

:-
4.6846

eps
2

, :
0.000453913

eps
2

, 0>>

Performing 0 lower-dimensional integrations with NIntegratePerforming 0 lower-dimensional integrations with NIntegratePerforming 0 lower-dimensional integrations with NIntegrate

Higher-dimensional integrals

Preparing MBpart1eps-2 Hdim 2L

Running MBpart1eps-2

:-
4.6846

eps
2

, :
0.000453913

eps
2

, 0>>

DoAllMBSums@s1, 5, LkD �� N

-
4.68459

eps
2

sx �. Lk �� N

-
4.68459

eps
2

H* Numerical check with V.A.Smirnov HB0, compare Eq. 5 in hep-ph�0111160v1L *L
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H* x = m^2�s *L

x0 = 1 � Sqrt@1 - 4 * xD
1

1 - 4 x

mx = Log@1 - x0D
px = Log@1 + x0D

LogB1 -
1

1 - 4 x

F

LogB1 +
1

1 - 4 x

F

b2 = 2 * Hmx - pxL^2

2 LogB1 -
1

1 - 4 x

F - LogB1 +
1

1 - 4 x

F
2

B0 = -x0^2 � Hs^2 * H-tL^H1 + 2 * epsLL * Hb2 � eps^2 + restL

- H-tL-1-2 eps
rest + 1 � eps22 LogB1 -

1

1 - 4 x

F - LogB1 +
1

1 - 4 x

F
2

� Is2 H1 - 4 xLM

B0S = Series@B0, 8eps, 0, -2<D �� Normal
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F - LogB1 +
1
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F
2

� Ieps2 s2 t H1 - 4 xLM

B0S �. Lk �� N

-
4.68459

eps
2

sx �. Lk �� N

-
4.68459

eps
2

ToString@int1, InputForm, PageWidth ® 60D
MBint@HH-xL^Hz1 + z6L*Gamma@-z1D^3*Gamma@1 + z1D*

Gamma@-z6D^3*Gamma@1 + z6DL�H2*eps^2*s^2*t*Gamma@-2*z1D*

Gamma@-2*z6DL, 88eps -> 0<, 8z1 -> -1�2, z6 -> -1�2<<D

ToString@s1, InputForm, PageWidth ® 60D
8MBsum@HH-1L^H-n1 - n2L*H-xL^H-n1 - n2L*n1!^2*n2!^2L�

H2*eps^2*s^2*t*x^2*H1 + 2*n1L!*H1 + 2*n2L!L,
n1 >= 0 && n2 >= 0, 8n1, n2<D<
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