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CERN, 12-13 January 2018

Indico: Mini-workshop on multiloop/multiscale methods and techniques in the context of
precise Z-boson studies
Very good feedback: 32 registered participants, 17 talks

Saturday, 4 pm
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https://indico.cern.ch/event/669224
https://indico.cern.ch/event/669224


Talks, Friday

Alain Blondel: Motivation: Experimental capabilities and requirements
Janusz Gluza: Theory - status
Tord Riemann: The Z boson line shape - from 1.5 loops at LEP to 2.5 loops
in future
Staszek Jadach: How to calculate QED higher orders in a form useful for
MC event generators with soft photon and/or collinear resummation?
Vladimir Smirnov: A mini review of methods of evaluating Feynman
integrals. Solving differential equations for Feynman integrals by
expansions near singular points
Evgen Dubovyk: MB-suite 1: AMBRE news: non-planar 3-loop vertices
Johann Usovitsch: MB-suite 2: MBnumerics news
Sophia Carola Borowka: pySecDec for phenomenological predictions
Roberto Pittau: Direct calculation of multiloop integrals in d=4
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Talks, Saturday

Johannes Henn: Bootstrapping pentagon functions
Stefan Weinzierl: Exploring the function space of Feynman integrals
Harald Ita: Expectations from Current Multi-loop Computations with the
Unitarity Method
Mario Prausa: Mellin-Barnes meets Method of Brackets
Wojciech Flieger: Steepest descent, homology, Lefschetz thimbles and
numerical multidimensional MB integrals
Konstantinos Papadopoulos: About cuts and differential eqs approach
Oleksandr Gituliar: Fuchsia and differential equations for multi-scale master
integrals
Peter Marquard: Top quark pair production at threshold and four-loop
on-shell renormalization
Rutger Boels: Four loop form factor in N=4
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Freeman Dyson:

"New directions in science are launched by new tools much more often
than by new concepts.

The effect of a concept-driven revolution is to explain old things in new
ways.

The effect of a tool-driven revolution is to discover new things that
have to be explained"
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Experimental demands

A. Blondel: FCC-ee experimental demands to theory
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Experimental demands

Main issue

A. Blondel: A BIG QUESTION

Can theory in 2040 ('data taking)
comply with the level of anticipated

experimental accuracy?
To answer, in this talk I will discuss:

Case of ΓZ intrinsic accuracy (preliminary results) vs. exp. demand
[0.1 MeV];
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Experimental demands

A. Blondel: FCC-ee experimental demands to theory
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Experimental demands

Logical structure of the workshop (1): Basic issues

What we need:
Calculations at

√
s

!= MZ and around
−→ see Tord’s talk for line shape studies;
Calculations for a clean setup of EWPOs at fixed order of virtual
corrections
−→ see Staszek’s talk on implementing higher order QED effects to
MC, and resummations;
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Experimental demands

σ0 seen from experiments (needs knowing QED)

EWPOs (electroweak pseudo-observables):

σrealpeak −→



σ0 ≡ σeff.,Bornpeak

MZ ,ΓZ ,Γpartial

Aeff.,Born
FB,peak , A

eff.,Born
LR,peak

Rb, R`

Not got for free! Unfolding of QED issues raised in talks by Tord and
Staszek. Improvements needed for basic LEP programs: KKMC,
ZFITTER,... 10 / 42



Experimental demands

Don’t reinvent the wheel, but for accuracy needed...

Unfolding of QED effects not got for free!
Improvements needed for basic LEP programs: KKMC, ZFITTER,...
(ideally independent programs!)
Issues raised in talks by Tord and Staszek.
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Experimental demands

EW SM theory at loops, an example (∆ef 6= 0)



ΓZ ,Γpartial

Aeff.,BornFB,peak , A
eff.,Born
LR,peak

Rb, R`, ...

−→



veff`,ν,u,d,b

aeff`,ν,u,d,b

sin2 θb
eff , sin2 θlept

eff

e.g. : improvements needed for subtle corrections ∆1,2 (e.g. boxes, 2L-boxes)

Aeff.,BornFB,peak =
2<e

[
vea∗e
|ae|2

]
2<e

[
vfa
∗
f

|af |2

]
(
1 + |ve|2

|ae|2
) (

1 + |vf |2
|af |2

) + ∆1 −∆2 '
3
4AeAf ,

∆1 = 2<e [∆ef ] , ∆2 = |∆ef |2 + 2<e
[
vea
∗
e

|ae|2
vfa
∗
f

|af |2
∆∗ef

]
,

∆ef = 16|QeQf |s4
W (κef − κeκf )
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Experimental demands

From Theory: The way to keep a proper track is the S-matrix approach

e+e− −→ (γ, Z) −→ ff(γ),

Ae+e−→ff
0 = RZ

s−M 2
Z + iΓZMZ

+ S0 + (s− sZ)S ′ + . . . ,

σ0 ' |A0|2 = sr + (s−M 2
Z)jγ−Zint

|s− s2
Z |2

+ corr.[background]

r = (v2
e + a2

e)(v2
f + a2

f) + ...

[Willenbrock, Valencia,1991] [Sirlin,1991] [Stuart,1991] [Riemann, 1991, 1992] [H. Veltman,1994]

[Passera, Sirlin, 1998] [Gambino, Grassi, 2000] [Awramik, Czakon, Freitas, 2006].
Solved issue: 2-loop vertex, present issue: 3-loop vertex, potential issue:
2-loop box (No program implemented 2nd,3rd issue so far!)
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Experimental demands

Lesson from Staszek

@
@
@
@
@R
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Experimental demands

Logical structure of the workshop (2): EWPOs & Form Factors

V Zbb
µ = γµ[vb(s)− ab(s)γ5] = · · ·+

fermionic,bosonic︷ ︸︸ ︷
1 2

3

4

5

6

s

+

s

1

2

3

4
6

5

︸ ︷︷ ︸
planar,non−planar

+ · · ·

(−→ this talk, see also talks by Rutger and Peter; Johann and Evgen)
Note approximate factorization of weak couplings

AF−B =

[∫ 1
0 d cos θ −

∫ 0
−1 d cos θ

]
dσ

d cos θ

σT
∼

Ae︷ ︸︸ ︷
2aeve
a2
e + v2

b

Ab︷ ︸︸ ︷
2abvb

a2
b + v2

b
+corrections← (Tord)

Ab =
2<e vbab

1 +
(
<e vbab

)2 = 1− 4|Qb|sin2 θb
eff

1− 4|Qb|sin2 θb
eff + 8Q2

b(sin2 θb
eff)2 , sin2 θb

eff −→ F

(
<evb

ab

)
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Experimental demands

Current uncertainities, Ayres: 1604.00406

Experiment Theory error Main source
MW 80.385± 0.015 MeV 4 MeV α3, α2αs

ΓZ 2495.2± 2.3 MeV 0.5 MeV α2
bos, α

3, α2αs, αα
2
s

σ0
had 41540± 37 pb 6 pb α2

bos, α
3, α2αs

Rb ≡ ΓbZ/Γhad
Z 0.21629± 0.00066 0.00015 α2

bos, α
3, α2αs

sin2 θ`eff 0.23153± 0.00016 4.5× 10−5 α3, α2αs

�
�
�
�
�
�
�
�
��

�
�
�
�
�
�
�
��

This talk: very preliminary results will be shown and discussed

16 / 42



Experimental demands

Future projections, Ayres: 1604.00406

Measurement error Intrinsic theory
ILC CEPC FCC-ee Current Future†

MW [MeV] 3–4 3 1 4 1
ΓZ [MeV] 0.8 0.5 0.1 0.5 0.2
Rb [10−5] 14 17 6 15 7
sin2 θ`eff 1 2.3 0.6 4.5 1.5

Table: Projected experimental and theoretical uncertainties for some electroweak precision
pseudo-observables.

† Based on estimations for: O(α2
bos),O(αα2

s),O(Nfα
2αs),O(N 2

fα
3)
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Experimental demands

Our main goal ahead:

Present theoretical accuracy is not enough

... we need calculate this kind of corrections, very usefull workshop to show where we are...
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EWPOs, present status and future demands

Vocabulary

Known corrections (∆ρ, sin2 θf
eff , gV , gA) comes from fermionic part

(fermions loops)

and rest constituate so-called bosonic corrections.

19 / 42



EWPOs, present status and future demands

Published results on EWPOs in the SM @NNLO

Complete corrections ∆r, sin2 θleff : Freitas, Hollik, Walter, Weiglein: ’00
Awramik,Czakon: ’02,Onishchenko,Veretin: ’02

Awramik,Czakon,Freitas,Weiglein: ’04
Awramik,Czakon,Freitas: ’06
Hollik,Meier,Uccirati: ’05,’07

Degrassi,Gambino,Giardino: ’14
Fermionic corrections sin2 θbeff , af , vf : Awramik,Czakon,Freitas,Kniehl: ’09

Czarnecki,Kühn: ’96
Harlander,Seidensticker,Steinhauser: ’98

Freitas: ’13,’14

Bosonic corrections sin2 θb
eff : Dubovyk, Freitas, JG, Riemann, Usovitsch ’16

This talk: Bosonic corrections af , vf : Dubovyk, Freitas, JG, Riemann, Usovitsch ’18
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EWPOs, present status and future demands

What we need: error estimations, Ayres: 1604.00406
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EWPOs, present status and future demands

An example: Intrinsic theory error estimation for ΓZ , Ayres: 1604.00406
1 Geometric series

δ1 : O(α3)−O(α3
t ) ∼

O(α2)−O(α2
t )

O(α) O(α2) ∼ 0.26 MeV

δ2 : O(α2αs)−O(α2
tαs) ∼

O(α2)−O(α2
t )

O(α) O(ααs) ∼ 0.3 MeV

δ3 : O(αα2
s)−O(αtα2

s) ∼
O(ααs)−O(αtαs)

O(α) O(ααs) ∼ 0.23 MeV

δ4 : O(αα3
s)−O(αtα3

s) ∼
O(ααs)−O(αtαs)

O(α) O(αα2
s) ∼ 0.035 MeV

δ5 : O(α2
bos) ∼ O(αbos)2 ∼ 0.1 MeV [Now we know it!]

Total: δΓZ =
√

5∑
i=1

δ2
i ∼ 0.5 MeV
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EWPOs, present status and future demands

New results for completing NNLO

Input parameters:

Parameter Value Parameter Value
MZ 91.1876 GeV mMS

b 4.20 GeV
ΓZ 2.4952 GeV mMS

c 1.275 GeV
MW 80.385 GeV mτ 1.777 GeV
ΓW 2.085 GeV ∆α 0.05900
MH 125.1 GeV αs(MZ) 0.1184
mt 173.2 GeV Gµ 1.16638× 10−5 GeV−2
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EWPOs, present status and future demands

The cherry on the 2-loops EWPOs cake: results for O(α2
bos)

[preliminary]∗

Γi [MeV] Γe,Γµ,Γτ Γνe ,Γνµ ,Γντ Γd,Γs Γu,Γc Γb ΓZ

O(α) 2.273 6.174 9.717 5.799 3.857 60.22
O(ααs) 0.288 0.458 1.276 1.156 2.006 9.11
O(N2

fα
2) 0.244 0.416 0.698 0.528 0.694 5.13

O(Nfα
2) 0.120 0.185 0.493 0.494 0.144 3.04

O(α2
bos) 0.017 0.019 0.058 0.057 0.167 0.505

O(αtα
2
s , αtα

3
s , α

2
tαs, α

3
t ) 0.038 0.059 0.191 0.170 0.190 1.20

1 Fun fact of the day: so far all contributions positive!
2 2016, estimation, bosonic NNLO ∼ 0± 0.1 MeV
2018, exact result: 0.505 MeV

∗ I. Dubovyk, A. Freitas, JG, T. Riemann, J. Usovitsch, see talk by JG at miniWorkshop
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Needs for EWPOs beyond 2-loops

Having this knowledge: genuine 3-loop vertex calculations are obligatory!
1 Geometric series

O(α3)−O(α3
t ) ∼

O(α2)−O(α2
t )

O(α) O(α2) ∼(((((0.26 MeV

O(α2αs)−O(α2
tαs) ∼

O(α2)−O(α2
t )

O(α) O(ααs)((((
((∼ 0.3 MeV

O(αα2
s)−O(αtα2

s) ∼
O(ααs)−O(αtαs)

O(α) O(ααs) ∼((((
(0.23 MeV

O(αα3
s)−O(αtα3

s) ∼
O(ααs)−O(αtαs)

O(α) O(αα2
s) ∼((((

((0.035 MeV

O(α2
bos) ∼ O(αbos)2 ∼

((((
(((

((((
((

0.1 MeV −→ [0.51 MeV]

1 FCC-eeexper. error(ΓZ) ∼ 0.1 MeV
2 FCC-eetheor. error(ΓZ) < FCC-eeexper. error(ΓZ) ???
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Needs for EWPOs beyond 2-loops

Answering Alain Blondel’s Big Question

1 Calculating N 3LO with 10% accuracy (two digits), we can replace
2016 intrinsic error estimation δΓZ =

√
5∑
i=1

δ2
i ∼ 0.5 MeV by

δΓZ =
√

5∑
i=1

(δi/10)2 ∼ 0.05 MeV.

1 The requirement of FCC-eeexper. error(ΓZ) ∼ 0.1 MeV can be met and
the condition

δ[FCCeetheor.(ΓZ)] ∼ 0.05 MeV<δ[FCCeeexper.(ΓZ)] ∼ 0.1 MeV

will be fullfilled.
QCD 4-loops(!) 26 / 42



Needs for EWPOs beyond 2-loops

Basic bookkeeping

Z → bb̄

Number of
topologies

1 loop 2 loops 3 loops
1 14→(A) 7 →(B) 5 211 →(A) 84 →(B) 50

Number of diagrams 15 2383→(A,B) 1114 490387 →(A,B)120187
Fermionic loops 0 150 17580
Bosonic loops 15 964 102607
Planar diagrams 1T/15D 4T/981D 35T/84059D

Non-planar diagrams 0 1T/133D 15T/36128D

Table: Some statistical overview for Z → bb̄ multiloop studies. At 3 loops there are in total almost half
a million of diagrams present. After basic refinements (A) and (B) about 105 genuine 3-loop vertex
diagrams remain. In (A) tadpoles and products of lower loops are excluded, in (B) symmetries of
topologies are taken into account.
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Needs for EWPOs beyond 2-loops

A complete zoo of heavy particles mt,mW ,mZ ,mH @NNNLO level

MB: ε0[8-dim], 1/ε[7-dim]; SD: ε0[8-dim] , 1/ε[7-dim];

Z

b̄

bZ

b t

W W b

A

WH

p2

@-k1 + k2,mmbD

@-k1 + k2 - p2,mmAD

p3

@-k1 - k3,mmbD

@-k1 - k3 + p3,mmZD

-p2 - p3

@k1 + k3 + p2,mmHD

@-k1,mmtD

@k2,mmWD

@k1 + p2,mmWD

@-k3,mmWD

At 2-loops up to three dimensionless parameters (all 4 at 3-loops):{
M2
H

M2
Z

,
M2
W

M2
Z

,
m2
t

M2
Z

,
(MZ + iε)2

M2
Z

}
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Needs for EWPOs beyond 2-loops

Logical structure of the workshop (3): Methods and Tools

m1 = Mt,m2 = MW

1 (Semi-)Analytical approaches, e.g. DEqs,
IBPs, special functions, unitarity, ...
−→ Volodya,
−→ Johannes, Costas, Oleksandr
−→ Stefan, Harald, Mario

2 Numerical approaches, e.g. MB, SD,
D=4, ...
−→ Ievgen, Johann, Sophia,
−→ Roberto,
−→ Wojciech
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Bright perspective: why?

We can do it. To substantiate my claim:
An example of effective weak mixing angle sin2 θb

eff

The standard model prediction for the effective weak mixing angle can
be written as

sin2 θb
eff =

1− M 2
W

M 2
Z

 (1 + ∆κb)

The bosonic electroweak two-loop corrections amount to

∆κ(α2,bos)
b = −0.9855× 10−4

DFGRU, Phys.Lett. B762 (2016) 184
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Bright perspective: why?

Collection of radiative corrections: Full stabilization at 10−4!

Order Value [10−4]
α 468.945
ααs −42.655
α2

ferm 3.866
α2

bos -0.9855

Order Value [10−4]
α2
tαs 1.362
α3
t 0.123
αtα

2
s −7.074

αtα
3
s −1.196

Table: Comparison of different orders of radiative corrections to ∆κb.
Input Parameters: MZ , ΓZ , MW , ΓW , MH , mt, αs and ∆α

±0.001 ! -

one-loop contributions [Akhundov, Bardin, Riemann, 1986] [Beenakker, Hollik, 1988]

two-loop fermionic contributions [Awramik, Czakon, Freitas, Kniehl, 2009]

two-loop bosonic contributions [Dubovyk, Freitas, JG, Riemann, Usovitsch, 2016]
Partial higher-order corrections
O(αtα

2
s ) Avdeev: 1994,Chetyrkin: 1995

O(αtα
3
s ) Schroder: 2005,Chetyrkin: 2006,Boughezal: 2006

O(α2αt) and O(α3
t ) vanderBij: 2000,Faisst: 2003 31 / 42



Bright perspective: why?

Mellin-Barnes and Sector Decomposition methods are very much complementary!

MB works well for hard threshold, on-shell cases, not many internal masses (more IR);
SD more useful for integrals with many internal masses
−→ talks by Evgen, Johann and Sophia;
−→ JG, Kajda, Riemann, Yundin, EPJC’11; JG in PoS-LL2016 & DFGRU in PLB’16.

10−8 accuracy achieved for any self-energy and vertex Feynman integral

with one of the methods.
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What is not covered in this workshop

Collective effort needed!

and resources needed!
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Summary and Outlook

Conclusions on Z-lineshape and EWPOs for next years - theory

Strong demand from FCC-ee to the theory on precision;
We have to guarantee precise chain:
σreal → pseudoobservables→> 2-loops in SM
NNLO practically done, we need to go beyond:
O(αα2

s),O(Nfα
2αs),O(N 2

fα
3);

1 We know how to do it;
2 and we have appropriate tools;

To be on the safe side, we would like to have at least 2
independent calculations;
Still, a lot work is ahead, for success and efficiency, we need steady
progress in numerical and also (semi)analytical approaches in
multiloop calculations

Let us hope that this mini-workshop will be right way in proper direction!
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Summary and Outlook

Answering Alain Blondel’s Big Question

1 Calculating N 3LO with 10% accuracy (two digits), we can replace
2016 intrinsic error estimation δΓZ =

√
5∑
i=1

δ2
i ∼ 0.5 MeV by

δΓZ =
√

5∑
i=1

(δi/10)2 ∼ 0.05 MeV.

1 The requirement of FCC-eeexper. error(ΓZ) ∼ 0.1 MeV can be met and
the condition

δ[FCCeetheor.(ΓZ)] ∼ 0.05 MeV<δ[FCCeeexper.(ΓZ)] ∼ 0.1 MeV

will be fullfilled.
QCD 4-loops(!) 35 / 42



Backup slides

Several reasons to stay optimistic in "microscoping" higher order
calculations

1 Steady progress in numerical calculations, methods and tools;
2 Lessons from the past (LEP, LHC,...) - anticipated SM predictions improved considerably

- sometimes even several times after experiments took off;
3 Often problems can be attacked from different perspectives (it is needed for independent

confirmations);

Bhabha scattering, 10 years ago
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Backup slides
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Backup slides
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Backup slides

Intermezzo: 1997 −→ 2017/2018 −→ 2038
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Backup slides

References for EWPOs corrections I

O(α) EW complete corrections:
[1] A. A. Akhundov, D. Y. Bardin and T. Riemann, Electroweak One Loop Corrections to the Decay of the Neutral Vector Boson, Nucl. Phys. B 276 (1986) 1.

doi.org/10.1016/0550-3213(86)90014-3.

O(ααs) QCD corrections:
[1] A. Djouadi, C. Verzegnassi, Virtual very heavy top effects in LEP/SLC precision measurements, Phys. Lett. B195 (1987) 265–271.

doi:10.1016/0370-2693(87)91206-8.

[2] A. Djouadi, O(ααs) vacuum polarization functions of the standard model gauge bosons, Nuovo Cim. A100 (1988) 357. doi:10.1007/BF02812964.

[3] B. A. Kniehl, Two loop corrections to the vacuum polarizations in perturbative QCD, Nucl. Phys. B347 (1990) 86–104.
doi:10.1016/0550-3213(90)90552-O.

[4] B. A. Kniehl, A. Sirlin, Dispersion relations for vacuum polarization functions in electroweak physics, Nucl. Phys. B371 (1992) 141–148.
doi:10.1016/0550-3213(92)90232-Z.

[5] A. Djouadi, P. Gambino, Electroweak gauge bosons selfenergies: Complete QCD corrections, Phys. Rev. D49 (1994) 3499–3511, Erratum: Phys. Rev. D53
(1996) 4111. arXiv:hep-ph/9309298, doi:10.1103/PhysRevD.49.3499,10.1103/PhysRevD.53.4111.

[6] J. Fleischer, O. Tarasov, F. Jegerlehner, P. Raczka, Two loop O(αsGµm2
t ) corrections to the partial decay width of the Z0 into bb̄ final states in the large

top mass limit, Phys. Lett. B293 (1992) 437–444. doi:10.1016/0370-2693(92)90909-N.

[7] G. Buchalla, A. Buras, QCD corrections to the s̄dZ vertex for arbitrary top quark mass, Nucl. Phys. B398 (1993) 285–300.
doi:10.1016/0550-3213(93)90110-B.
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Backup slides

References for EWPOs corrections II
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doi:10.1016/0550-3213(93)90058-W.
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2
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[11] R. Harlander, T. Seidensticker, M. Steinhauser, Complete corrections of order O(ααs) to the decay of the Z boson into bottom quarks, Phys. Lett. B426
(1998) 125–132. arXiv:hep-ph/9712228, doi:10.1016/S0370-2693(98)00220-2.
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Partial higher order corrections of order O(αtα3
s):
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