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The functions U and F are called graph or Symanzik polynomials.

Some remarks

Change of variables in Symanzik polynomials U and F is effective as:

e They are homogeneous in the Feynman parameters, U is of degree L, F is of
degree L+ 1

e U is linearin each Feynman parameter. If all internal masses are zero, then also F
is linear in each Feynman parameter

¢ In expanded form each monomial of U has coefficient +1
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U and F from graph theory

C.Bogner, S.Weinzierl, arXiv:1002.3458
@ Spanning tree T for the graph G
sub-graph with the following properties:

9 T contains all the vertices of G
@ the number of loops in T is zero
@ T is connected

T can be obtained from G by deleting L edges (L — number of loops in G)
@ Spanning k—forest F for the graph G
has the same properties as T but it is not required that a spanning forest is

connected
F can be obtained from G by deleting L + k — 1 edges

If 7 is the set of spanning forests of G and 7y is set of spanning k-forests of G when

T= U Tr (r — numberofvertices)

k=1

(T is the set of spanning trees)
Each element of 7 has k connected components (71, ..., Tx)
Pr, is the set of external momenta attached to T; for a given k—forest.

Evgen Dubovyk 8 March 2017 4/17



The spanning trees and the spanning 2—forests of a graph G are closely related to the
graph polynomials U and F of the graph:
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Figure 1: A two-loop two-point graph.
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Figure 2: The set of spanning trees for the two-loop two-point graph of fig. 1.

U = xi1x2 + X3x4 + X103 + X2X4 + X1X5 + X2X5 + X3X5 + X4X5

U =xs(x1 +x4) +x5(x2 +x3) + (01 + x4) (2 + x3)
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Figure 3: The set of spanning 2-forests for the two-loop two-point graph of fig. 1.

2
F = [xixox3 + x2x3%4 + 10300 4 X1X2X4 + X2X3X5 + X1X4Xs5 + XaXaxs + x163x5) (—p°~)



e
Loop by loop (LA) approach

Planar case:

Non-planar case:
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-
Global (GA) approach

U polynomial for non-planar 3-loop box (64 terms)

x[1] x[2] x[4] + x[1] x[3] x[4] + x[2] x[3] x[4] + x[1] x[2] x[5] +
x[1] x[3] x[5] + x[2] x[3] x[5] + x[1] x[4] x[5] + x[2] x[4] x[5] +
x[2] x[4] x[6] + x[3] x[4] x[6] + x[2] x[5] x[6] + x[3] x[5] x[6] +
x[4] x[5] x[6] + x[2] x[4] x[7] + x[3] x[4] x[7] + x[2] x[5] x[7] +
x[3] x[5] x[7] + x[4] x[5] x[7] + x[1] x[2] x[8] + x[1] x[3] x[8] +
x[2] x[3] x[8] + x[1] x[4] x[8] + x[2] x[4] x[8] + x[2] x[6] x[8] +
x[3] x[6] x[8] + x[4] x[6] x[8] + x[2] x[7] x[8] + x[3] x[7] x[8] +
x[4] x[7] x[8] + x[1] x[2] x[9] + x[1] x[3] x[9] + x[2] x[3] x[9] +
x[2] x[4] x[9] + x[3] x[4] x[9] + x[1] x[5] x[9] + x[3] x[5] x[9] +
x[4] x[5] x[9] + x[2] x[6] x[9] + x[3] x[6] x[9] + x[5] x[6] x[9] +
x[2] x[7] x[9] + x[3] x[7] x[9] + x[5] x[7] x[9] + x[1] x[8] x[9] +
x[3] x[8] x[9] + x[4] x[8] x[9] + x[6] x[8] x[9] + x[7] x[8] x[9] +
x[1] x[2] x[10] + x[1] x[3] x[10] + x[2] x[3] x[10] +

x[1] x[4] x[10] + x[2] x[4] x[10] + x[2] x[6] x[10] +

x[3] x[6] x[10] + x[4] x[6] x[10] + x[2] x[7] x[10] +

x[3] x[7] x[10] + x[4] x[7] x[10] + x[1] x[9] x[10] +

x[3] x[9] x[10] + x[4] x[9] x[10] + x[6] x[9] x[10] + x[7] x[9] x[10]



GA 2-loop example (non-planar vertex)

Figure 4: The non-planar vertex.

1 1
[ @ K (o — k0721 — ki — k)7 (2 + K )1 (s + KT R

U = x1x2 + x1x3 + X2X3 + X1X4 + X3X4 + X1X5 + X2X5 + X4X5 + X2X6 + X3X6 + XaXe + X5X6

6
2 : 2
F=U m; Xj — SX1X4X5 — SX1X2X6 — SX1X3X6 — SX2X3X6 — SX1X4X6 — SX1X5X6

i=1



Variables transformation

{f},’ Xk — Vifik

J

i denotes a subset of feynman parameters associated to propagators with different

combinations of loop momenta
m2 = Zx,'D,' xl(pl —_ k] —_ k2)2

x2(p2 + ki 4 ka)?

x3(kr)?

x(p1 — ki)

xs5(p2 + ka)?

xo(k2)’

++ A+

6
) (1 — Zx,-) =0(1—vi—v2—w3)d(l =& —&12)0(1 — &1 — €2)0(1 — &1 — &)

i=1
Jacobian:

Ne,—1 Ne,—1 N, —1
J=v 02 ST = v
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X1 — V1§11
x2 = vikn
x3 — &1
X4 — m€xn
x5 — v3&31
X6 — v3€3
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@ Using [,6 (1 — X, &) we can simplify U and F

U=viva+vivs+wvv: F = —s£11£081vivavs — s£12621E32v1v2v3

—5&31E30v1V3 — sE31E3V2V3

Chang—Wu theorem:
delta function in the feyman parameters representation can be replaced by

(Z)

where Q is an arbitrary subset of the lines 1, ..., L, when the integration over the rest of
the variables, i.e. for i ¢ Q, is extended to the integration from zero to infinity.

v

@ Choose now v as Chang-Wu variable [, dvs [/ dvidvad(1 — vi — v)

U=vi+viva F=—s£11£081vivavs — sE12621€32v1v2v3

—sE31630v113



@ Apply MB relation for F

(A +...+A)> T\ @riy—' ). 71 .. dze—

n—1
xlr[Af"A,,_)‘_zl ‘Z"IHF —2) T\ +21 +.

@ lintegrate over v3 using

Ji MR 4 2D (-1 — 21— 22)
dx 21 _|_ 22 — y

[axrtey) S

0

@ lintegrate over each subset of variables {v, &} separately using

ni— oy — “x o F(nl)F(nN)
/dex 6(1—x1—... N)_—F(n1+...+nN)

. +Zn—1)

U polynomial gives no additional MB integration and final dimentionality depends only

on length of F — similar to one loop integrals and/or LA approach
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F=—pvivavs + U, vim?

vl
vy U =vivy +vivz + 3
w

G(X) ~ / []dgao (1 - Z&)

1
/j%be—MS@MW@—%@@MW@+M+by—%@&w3

2
P =0(S, &)
In case of massless non-planar vertex from above

P’ = —s(Enénbs + Enénén — Eén)

2 2 2
my = —S§31£32, mp; = msz = 0.



3-loop GA

Case I:

U = vivavs 4 vivavs 4 vavava 4 vivavs 4 vivavs 4 vavavs 4 vivavs 4 v3vavs

Case ll:

U = vivavs + vivavs 4 vivavs 4 vivavs 4 Vivavs 4 Vavavs 4 vavavs 4 vavavs

+ Vivave + VaViVe + VivaVe + VavaVe -+ V3VaVe + ViVsVe + V3VsVe + VaVsVe
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Now in the Chang-Wu theorem we choose 3 variables

oo 1
/ dedV3dV4 / dvldvsdv66(1 — V] — V5 — V(,)
0 0

Ucw = vav3 + vava + v3vs + vivavs 4+ vivavs 4+ vivavs + vivavs + vivsve + v3vsve + v4vsve
Factorization trick:
Ucw = v2(v3 4+ va + vivs) + v3(va 4+ vivs) + vive(va + vs) + vavs(vi + vs) + vavsve

U polynomial gives 4 additional MB integration!
GA usually gives optimal representation if from the beginning Lenght(U) ~ Lenght(F)



3-loop mixed approach

Mixed approach starting with planar subloop:

Mixed approach starting with non-planar subloop:
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