
1. Stationary phase contour/manifold

I(s, t, . . .) =

∫
iR×...×iR

dz1 . . . dzn F (z) =

∫
iR×...×iR

dz1 . . . dzn e
−[Ref(z)+iImf(z)]

Integrate over a n-dimensional manifold M along which Imf = const:

I(s, t, . . .) = e−iImf
∫
M

dt1 . . . dtn Jac(t, z) e
−Re f

M is parametrized by t1, t2, . . . , tn.



2. Steepest descent contour C

C(z∗) = {z(τ) ∈ Cn :
dzi
dτ

= (∂zif)
∗, z(0) = z∗, ∂zif(z∗) = 0}

Along C(z∗):
Im f = const,

d

dτ
Re f < 0

E.g. for F (z) = (−s)−z Γ3(−z)Γ(z+1)
Γ(−2z) and s = −1/20:

!3 !2 !1 0 1 2 3

!0.5

!1.0

!1.5

0

0.5

1.0

1.5

2.0

t



3. Lefschetz thimble

Natural candidate for M, so-called Lefschetz thimble J (z∗):

J (z∗) = a union of all steepest descent contours C(z∗)
dimRJ (z∗) = n

But dzi
dτ = (∂zif)

∗ gives dependence only on one coordinate.
Dependence on t2, . . . , tn is not known!

In other words, one needs aditional n− 1 operators Ok(f) which
restrict hypersurface Im f = const to M:

Im f = const, Ok(f) =? (k = 1, . . . , n− 1)



4. 1-dimensional case

Im f = const is enough to find J (z∗) in n = 1 case:

dimR{z ∈ C | Im f = const} = 1 = dimRJ (z∗)

E.g. for F (z) = (−s)−z Γ3(−z)Γ(z+1)
Γ(−2z) and s = −1/20:
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5. 1-dimensional case

F (z) = (−s)−z Γ3(−z)Γ(z+1)
Γ(−2z) for s = −1/20 and s = 1 + i0+:

s IMBDE � log10 �an TMBDE[s] TMB[s] TMBnum[s]

�1/20 4.96 ⇥ 10�2 6/9/11 1.31/2.48/16.94 1.43 2.10

1 + i0± -1.21 6/11 15.05/53.19 – –

5 4.30 + 14.05i 10 13.5 – 1.72

Table 1: Performance tests of MBDE in the case of integrand F1(z) = (�s)�z �3(�z)�(z+
1)/�(�2z). The relative error �an is defined as �an = |(Ian � IMBDE)/Ian|. Ian is the
analytical value of the integral I1(s), IMBDE is the numerical value of this integral evaluated
with MBDE method. Finally, TMBDE, MB, MBnumerics display runtimes (in seconds) needed to
numerically evaluate an integral using MBDE (implemented in Mathematica, in graphical
mode, on i7 2.9 GHz CPU), MB and MBnumerics (with default settings) respectively.

5 Examples

Here we present how the method MBDE works in several specific examples of integrands
Fi in Euclidean and Minkowski region.

5.1 F1(z) = (�s)�z �3(�z)�(z+1)
�(�2z)

; s = �1/20, 1 + i0+, 5. See Fig. 2-4.
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Figure 2: (left) A plot of sln20 F1 for s = �1/20. (right) Im f1 = 0 contours for
s = �1/20. Thick blue line corresponds to the solution of Eq. (3) with z⇤ = �0.8256.
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Figure 3: (left) A plot of sln20(Re F1) for s = 1 + i0+. (right) Im f1 = 2.289 contours
for s = 1 + i0+. Thick blue line corresponds to the solution of Eq. (3) with z⇤ =
�0.7893 � 0.1745i.

!3 !2 !1 0 1 2

!20

0

20

40

!2 !1 0 1 2

!3

!2

!1

0

1

2

3

J1

J2

z⇤

C0

Figure 4: (left) A plot of sln20(Re F1) for s = 5. (right) Im f1 = �1.895 contours for
s = 5. Thick blue line corresponds to the solution of Eq. (3) with z⇤ = �0.6470+0.3366i.
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6. 1-dimensional case

I(s) =
∑
k=1,2

e
−i Im f |Jk

2πi

∫
Jk

dz e−Re f +
1

2πi

∫
A

dz F +
∑
C0→C

ResF
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