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(*
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K. Bi el as, | . Dubovyk, J. G uza, T. R enann, Acta Phys. Pol on. B44 (2013) 11, 2249
ar Xi v: 1312. 5603 [hep-ph]

*)
s DESCRIPTION:
function PlanarityTest returnsTrue if diagram isplanar and False otherwise

m OPTIONS:

PrintResult -> True/ False - turnson/ off printing of the text message “The Diagram ispla-
nar/ non-planar” (default value - True).

TestAlgorithm ->1 or 2 - allows to change testing algorithm (default value - 1); 1 - for
Method I, 2 - for Method Il (see below) .

DrawGraph -> True/ False - turns on/ off drawing of the input diagram (default value -
False). Drawing function isbased on Method I.

VertexLegNum ->4 or 5 - allows to change the maximal degree of vertices for Method |
(default value - 4).

m RESTRICTIONS
All momentaincoming.
Vertices with maximally 5 legs. Thisrestriction isvalid only for Method I. Due to perfor-
mance reasons maximal degree of verticesis set up by default to 4, if graph has 5-legs
vertices, corresponding message will appear.

Basic scalar integrals, for tensor integralstensor structer should be stripped away first.

AMBRE should be loaded first.
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m REMARK:

Drawing option works well with Mathematica 8.0, a bug with Mathematica 9.0 appears
when two verticesare connected viamore than two lines
(reported to Wolfram).

m EXAMPLES:

Method | isbased on Laplacian and adjacency matricesand PlanarQ function (from Combi-
natorica package).

Method Il isbased on dual variables.

= Example1: 4 loop tadpolea)

Method |
n4= PlanarityTest [{PR[k1, m nl] PR[k2 +k1, m n2] PR[k2 + k3 + k4, m n3] PR[k4, 0, n4] PR[k3, 0, n5]},
{k3, k4, k2, k1}, DrawG@ aph - True];

ERRCR. input diagram cannot be anal ysed and/or drawn using Method |.
pl ease try Method ||l wthout drawi ng option and/or wth option VertexLegNum -> 5
ns= PlanarityTest [{PR[k1, m nl] PR[k2 +k1, m n2] PR[k2 + k3 +k4, m n3] PR[k4, 0, n4] PR[k3, 0, n5]},
{k3, k4, k2, k1}, DrawG aph - True, VertexLegNum- 57;

The D agram
is planar.
[k1+ k2mi
{I//I’n]
fk2+k3+k4m]

1k30)
tktm]

Method Il

nel= PlanarityTest [{PR[k1, m nl] PR[k2 +k1, m n2] PR[k2 + k3 + k4, m n3] PR[k4, 0, n4] PR[k3, 0, n5]},
{k3, k4, k2, k1}, Test A gorithm- 2];

The D agram
is planar.
= Example2: 4 loop tadpoleb)

Method |

n7= PlanarityTest [{PR[k1, 0, nl] PR[k2 +k4, m n2] PR[k2, m n3] PR[k2 -k1, m n4] PR[Kk3, 0, n5]
PR[k2 -k1 +k3, 0, n6] PR[k4, 0, n7] PR[k2 -k1 +k4, 0, n8]}, {ki, k2, k3, k4}, Draw@ aph -» True];
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The D agram

is planar.

[k2+

Method Il

negl= P anarityTest [{PR[k1, 0, nl] PR[k2 +k4, m n2] PR[k2, m n3] PR[k2 -k1, m n4] PR[Kk3, 0, n5]
PR[k2 -k1 +k3, 0, n6] PR[k4, 0, n7] PR[k2 -k1 +k4, 0, n8]1}, {ki, k2, k3, k4}, Test A gorithm- 2];

The D agram
is planar.
= Example3: 4 loop tadpolec)

Method |

nol= Pl anarityTest [
{PR[k1, 0, n1] PR[k1 -k2, 0, n2] PR[k4 -k1, 0, n3] PR[k4 -k1 -k3, 0, n4] PR[k4 -k2 -k3, 0, n5]
PR[k4 - k2, 0, n6] PR[k2, 0, n7] PR[k3, 0, n8] PR[k4, 0, n9]}, {k1, k2, k3, k4}, Draw@ aph -» True];

The O agram

is planar.

[k2

Method Il
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o= Pl anarityTest [
{PR[k1, 0, n1] PR[k1 -k2, 0, n2] PR[k4 -k1, O, n3] PR[k4 -k1 -k3, 0, n4] PR[k4 -k2 -k3, 0, n5]
PR[k4 -k2, 0, n6] PR[k2, 0, n7] PR[k3, 0, n8] PR[k4, 0, n91}, {k1, k2, k3, k4}, Test Al gorithm-2];

The O agram
is planar.
= Example4: 4 loop tadpoled)

Method |

= PlanarityTest [{PR[k1, O, n1] PR[k2, 0, n2] PR[k3, 0, n3] PR[k4, 0, n4] PR[k1 + k3, 0, n5]
PR[k1 + k4, 0, n6] PR[k2 +k4, 0, n7] PR[k2 -k3 +k4, 0, n8]}, {ki, k2, k3, k4}, Dran@ aph -» Truel;

The D agram
is planar.
k3
w3
[k2 - R+ k4,0] [k1+4Kk30]
[k2+k4,0] kLM
[k20] [k13k40]
40}
Method Il

mizi= Planari tyTest [{PR[k1, O, n1] PR[k2, O, n2] PR[k3, 0, n3] PR[k4, 0, n4] PR[k1 +k3, 0, n5]
PR[k1 + k4, 0, n6] PR[k2 + k4, 0, n7] PR[k2 -k3 +k4, 0, n8]1}, {ki, k2, k3, k4}, Test A gorithm- 2];

The D agram
is planar.

= Example5: 5 loop tadpole
Method |

3= P anarityTest [
{PR[k1, 0, n1] PR[k2, 0, n2] PR[k3, 0, n3] PR[k4, 0, n4] PR[k5, 0, n5] PR[k2 -k5, 0, n6] PR[k1 -k2 -k4, 0O,
n7] PR[k1 +k3 -k5, 0, n8] PR[k1 + k3 -k4 -k5, 0, n9]}, {k1, k2, k3, k4, k5}, Drand aph - True];
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The D agram

is planar.

Method Il

4= Planari tyTest [
{PR[k1, 0, n1] PR[k2, 0, n2] PR[k3, 0, n3] PR[k4, 0, n4] PR[k5, 0, n5] PR[k2 -k5, 0, n6] PR[k1 - k2 - k4, O,
n7] PRIK1 +k3 -k5, 0, n8] PR[k1 + k3 -k4 -k5, 0, n9]1}, {ki1, k2, k3, k4, k5}, TestA gorithm- 2];

The D agram
is planar.
= Example6: 6 loop tadpole

Method |

mnisp= P anari tyTest [{PR[k1, O, n1] PR[k2, O, n2] PR[k3, 0, n3] PR[k4, O, n4] PR[K5, 0, n5] PR[k6, O, n6]
PR[k3 -k5, 0, n7] PR[k4 -k6, 0, n8] PR[k2 +k5 -k4, 0, n9] PR[k1 - k3 +k4 -k6, 0, n10]
PR[k1 -k2 +k4 -k5 -k6, 0, n111}, {k1, k2, k3, k4, k5, k6}, Draw@ aph - True];
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The D agram

is planar.

Method Il

6= P anarityTest [{PR[k1, O, n1] PR[k2, O, n2] PR[k3, 0, n3] PR[k4, O, n4] PR[k5, 0, n5] PR[k6, 0, n6]
PR[k3 -k5, 0, n7] PR[k4 -k6, 0, n8] PR[k2 + k5 -k4, 0, n9] PR[k1 - k3 + k4 -k6, 0, n10]
PR[k1 -k2 +k4 -k5 -k6, 0, n111}, {k1, k2, k3, k4, k5, k6}, Test A gorithm- 27;

The O agram
is planar.

= Example7: 7 loop tadpole

Method |

7= PlanarityTest [{PR[k1, O, n1] PR[k2, O, n2] PR[k3, 0, n3] PR[k4, 0, n4]
PR[k5, 0, n5] PR[k6, 0, n6] PR[k7, 0, n7] PR[k1 + k2 +k5, 0, n8] PR[k1 + k4 +k6, 0, n9]
PR[k6 + k3 -k2, 0, n10] PR[K1 +k2 + k5 +k7 -k3, 0, n11] PR[k1 + k4 + k5 + k7 + k6, 0, n12]},
{k1, k2, k3, k4, k5, k6, k7}, Draw@ aph - True] // Absol ut eTi ning
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The D agram

is planar.

[k1+k4+k6,0]

[k1+k2-k8+k5+k7,0]

ouni7j= {0. 228700, True}

Method I

mei= Pl anarityTest [{PR[k1, O, n1] PR[k2, 0, n2] PR[k3, 0, n3] PR[k4, 0, n4]
PR[K5, 0, n5] PR[k6, 0, n6] PR[k7, 0, n7] PR[K1 +k2 +k5, 0, n8] PR[KL + k4 +k6, 0, n9]
PR[k6 + k3 -k2, 0, n10] PR[K1 +k2 + k5 +k7 -k3, 0, n11] PR[k1 + k4 +Kk5 + k7 + k6, 0, nl12]},
{k1, k2, k3, k4, k5, k6, k7}, Test A gorithm- 2] // Absol ut eTi m ng

The D agram
is planar.
oufigl= {5. 484734, True}
m Example8: 2 loop sunset diagram

Method |
ntop= P anarityTest [{PR[k1, O, n1] PR[K1 +k2 +p, O, n2] PR[k2, O, n31}, {k1, k2}, Draw@ aph -» True];
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In[20]:=

In[21]

In[22]:=

In[23]:=

The D agram

is planar.

®
kS

©

T

k1 +k2+pOl

\ | -
k20}
T dJ

Method I

A anarityTest [{PR[k1, O, nl] PR[k1+k2 +p, 0, n2] PR[k2, O, n31}, {k1, k2}, TestA gorithm- 27;
The D agram

is planar.

Example9: 3 loop self self-energy diagram (non-planar)

Method |

Pl anarityTest [{PR[k1, m nl1] PR[k2, 0, n2] PR[k3, m n3] PR[k1 +p, m n4] PR[k1 -k2 +p, 0, n5]
PR[k3 -p, m n6] PR[K1 -k2 + k3, 0, n7] PR[k2 -k3, 0, n81}, {kl, k2, k3}, Draw@ aph -» Truel;

The O agram

i's non-pl anar .

. - . [kikka@pp]

k3—p.m] /w/
Method 11

M anarityTest [{PR[k1, m nl] PR[k2, O, n2] PR[k3, m n3] PR[k1 +p, m n4] PR[k1 -k2 +p, 0, n5]
PR[k3 -p, m n6] PR[k1 -k2 +k3, 0, n7] PR[k2 -k3, O, n81}, {k1, k2, k3}, TestA gorithm- 27;

The O agram
i's non-pl anar .
Example 10: four loop self self-energy diagram a)

Method |

A anarityTest [{PR[k1, O, nl] PR[k1 +k3, 0, n2] PR[k1 + k2 + k3 +k4, 0, n3] PR[k3, nml, n4]
PR[k2 + k4, n8, n5] PR[k2 +k3 +k4, n2, n6] PR[k4, 0, n7] PR[k4 +p, 0, n8] PR[k2, 0, n9]
PR[k3 + k4, 0, n10] PR[k3 +k4 +p, 0, n11]}, {k1, k2, k3, k4}, Dran@ aph -» Truel;
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The D agram

is planar.

[k%0]

[k2+k4m3 [k2+k3# k4m?2|

Method Il

nz4p= PlanarityTest [{PR[k1, O, n1] PR[k1 +k3, 0, n2] PR[k1 + k2 +k3 + k4, 0, n3] PR[k3, nl, n4]
PR[k2 + k4, nB, n5] PR[k2 +k3 + k4, n2, n6] PR[k4, 0, n7] PR[k4 +p, 0, n8] PR[k2, 0, n9]
PR[k3 + k4, 0, n10] PR[k3 +k4 +p, 0, n11]}, (k1, k2, k3, k4}, Test A gorithm- 27;

The D agram
is planar.

= Example11: four loop self self-energy diagram b)
Method |

nzsi= P anarityTest [
{PR[k1, 0, n1] PR[k1 +pl, 0, n2] PR[k2 -k1, 0, n3] PR[k2, O, n4] PR[k4, 0, n5] PR[k2 + k4 +pl, O, n6]
PR[k3, 0, n7] PR[k3 -k2 -k4, 0, n8] PR[k3 +pl, 0, n91}, {kl, k2, k3, k4}, Drand aph -» True];

The D agram

is planar.

Method Il
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nzel= Pl anarityTest [
{PR[k1, 0, n1] PR[k1 +pl, 0, n2] PR[k2 -k1, O, n3] PR[k2, O, n4] PR[k4, 0, n5] PR[k2 +k4 +pl, 0, n6]
PR[k3, 0, n7] PR[k3 -k2 -k4, 0, n8] PR[k3 +pl, 0, n91}, {k1, k2, k3, k4}, Test A gorithm- 27;

The O agram
is planar.
= Example 12: 2 loop vertex + one loop tadpoles

Method |

ne7= FlanarityTest [{PR[k1, MN nl] PR[k1 -k2, MZ, n2] PR[k2, MN n3] PR[k1 +pl, M, n4] PR[k1 +pl +p2, MN n5]
PR[k2 +pl +p2, MN n6] PR[k3 +pl, 0, n7] PR[k4, O, n81}, {k1, k2, k3, k4}, Dran@ aph -» True];

The D agram

is planar.

[k1+

o

©
ey
ol

Wth tadpol es: PR[k4, 01PR[k3 + pl,0]

Method Il

M anarityTest [{PR[k1, MN nl1] PR[k1 -k2, Nz, n2] PR[k2, MN n3] PR[K1 +pl, M, n4] PR[K1 +pl +p2, MN n5]
PR[k2 +pl +p2, MN n6] PR[k3 +pl, O, n7] PR[k4, 0, n8]1}, {k1, k2, k3, k4}, Test A gorithm- 27;

In[28]

The O agram
is planar.

o= Pl anarityTest [{PR[k1, MN nl] PR[k1 -k2, NMZ, n2] PR[k2, MN n3] PR[k1 +pl, M, n4] PR[k1 +pl +p2, MN n5]
PR[k2 +pl +p2, MN n6] PR[k3 +pl, 0, n7] PR[k4, O, n81}, {k1, k2, k3, k4}, TestA gorithm- 1];

The D agram
is planar.

= Example 13: 2 loop vertex (non-planar)

Method |
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npop= PlanarityTest [{PR[k1, 0, n1] PR[pl-k1, 0, n2] PR[pl -kl -k2, 0, n3]
PR[p2 +k1 +k2, 0, n4] PR[p2 +k2, O, n5] PR[k2, O, n61}, {k1, k2}, Draw@ aph -» True];
The D agram

i's non-pl anar .

Method Il

npi= PanarityTest [{PR[k1, O, n1] PR[pl-k1, O, n2] PR[pl -kl -k2, 0, n3]
PR[p2 +k1 +k2, 0, n4] PR[p2 +k2, 0, n5] PR[k2, O, n6]}, {k1, k2}, Test Al gorithm- 2];
The O agram

i's non-pl anar .
= Example 14: 2 loop vertex

Method |

ne2i= PlanarityTest [{PR[k1, OW nl1] PR[k2, 0, n2] PR[k1 -p2, O, n3] PR[pl +p2 -k1, O, n4] PR[pl +p2 -k2, O, n5]},
{k1, k2}, DranG aph - True];
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The D agram

is planar.

Method Il

nEs= Planari tyTest [{PR[k1, OW nl1] PR[k2, 0, n2] PR[k1 -p2, 0, n3] PR[pl +p2-k1, 0, n4] PR[pl +p2-k2, O, n5]1},
{k1, k23, TestA gorithm-2];

The D agram
is planar.
m Example 15: 3 loop vertexa)

Method |
np4= PlanarityTest [{PR[k1, m nl] PR[k2, m n2] PR[k3, m n3]
PR[k2 +p2, m n4] PR[k1 -k2 -p2, 0, n5] PR[k1 +pl, m n6] PR[k3 -kl -pl, m n7]
PR[k3 -pl-p2, 0, n8] PR[k3 -k2 -pl-p2, m n9]1}, {k1, k2, k3}, Dran@ aph -» True];
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The D agram

is planar.

Method Il

nesi= Planari tyTest [{PR[k1, m nl] PR[k2, m n2] PR[k3, m n3]
PR[k2 +p2, m n4] PR[k1 -k2-p2, O, n5] PR[K1 +pl, m n6] PR[k3 -k1-pl, m n7]
PR[k3 -pl-p2, 0, n8] PR[k3-k2-pl-p2, m n91}, {k1, k2, k3}, TestA gorithm- 2];
The D agram

is planar.
= Example 16: 3 loop vertex b)

Method |

nzel= P anarityTest [{PR[k1, m nl] PR[k2, m n2] PR[k3, m n3]
PR[k2 +p2, m n4] PR[k1 +pl, m n5] PR[k3 -kl -pl, O, n6] PR[k1 -k2 -p2, m n7]
PR[k3 +k2 -k1 -pl, 0, n8] PR[k3+k2-k1+p2, m n9]}, {ki, k2, k3}, Drawd aph - True];
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The D agram

is non-pl anar .

Method Il

ne7= PlanarityTest [{PR[k1, m nl1] PR[k2, m n2] PR[k3, m n3]
PR[k2 +p2, m n4] PR[k1 +pl, m n5] PR[k3 -kl -pl, O, n6] PR[k1 -k2 -p2, m n7]
PR[k3 +k2 -k1 -pl, 0, n8] PR[k3 +k2 -Kk1+p2, m n9]}, {ki, k2, k3}, Test A gorithm- 2];

The D agram
i's non-pl anar .
= Example17: 3 loop vertexc)

Method |
nel= P anarityTest [{PR[k1, O, n1] PR[k1 +pl, 0, n2] PR[k3 +p2, 0, n3]
PR[k2 +k3 +p2, 0, n4] PR[k1 +k2, 0, n5] PR[k1 +k2 +k3 +pl +p2, 0, n6]
PR[k1 +k2 +k3, 0, n7] PR[k2, O, n8] PR[k3, 0, n91}, {ki, k2, k3}, Draw@ aph -» True];
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The D agram

is non-pl anar .

Method Il

npep= PlanarityTest [{PR[k1, O, n1] PR[k1 +pl, 0, n2] PR[k3 +p2, 0, n3]
PR[k2 +k3 +p2, 0, n4] PR[k1 +k2, 0, n5] PR[k1 +k2 +k3 +pl +p2, 0, n6]
PR[k1 + k2 +k3, 0, n7] PR[k2, 0, n8] PR[k3, O, n91}, {k1, k2, k3}, TestA gorithm-27;

The D agram
i's non-pl anar .
= Example18: 3 loop vertexd)

Method |

ngop= Planari tyTest [{PR[k1, O, n1] PR[k2, O, n2] PR[k3, 0, n3] PR[k1 -p2, O, n4] PR[K1 +pl, O, n5]
PR[k1 +k2 -k3 +pl, 0, n6] PR[k3-pl-p2, O, n71}, {k1, k2, k3}, DranG aph -» True];
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The D agram

is planar.

Method Il

ns1= PanarityTest [{PR[k1, O, n1] PR[k2, 0, n2] PR[k3, 0, n3] PR[k1 -p2, 0, n4] PR[k1 +pl, O, n5]
PR[k1 +k2 -k3 +pl, 0, n6] PR[k3-pl-p2, O, n71}, {k1, k2, k3}, TestA gorithm- 2];

The D agram
is planar.
= Example19: 3 loop vertexe)

Method |

n@42i= Planari tyTest [{PR[k1, O, n1] PR[k2, O, n2] PR[k3, 0, n3] PR[k2 -pl1, O, n4] PR[k2 -pl-p2, 0, n5]
PR[k1 + k2 +k3, 0, n6] PR[k1 +k2 -pl-p2, O, n71}, {k1, k2, k3}, DranGaph - True];
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The D agram

is planar.

Method Il

ns3= P anarityTest [{PR[k1, O, n1] PR[k2, 0, n2] PR[k3, 0, n3] PR[k2 -pl1, 0, n4] PR[k2 -pl -p2, 0, n5]
PR[k1 + k2 +k3, 0, n6] PR[k1 +k2 -pl-p2, O, n71}, {k1, k2, k3}, TestA gorithm- 21;

The D agram
is planar.
= Example20: 3 loop vertexf)

Method |

n@44p= Planari tyTest [{PR[k1, O, n1] PR[k2, 0, n2] PR[k3, 0, n3] PR[k1 -p2, O, n4] PR[k1 +pl -k3, 0, n5]
PR[k1 +k2 +pl, 0, n6] PR[k1 +k2-p2, O, n71}, {k1, k2, k3}, DranGaph - True];
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The D agram

is planar.

Method 11

nssi= PlanarityTest [{PR[k1, O, n1] PR[k2, 0, n2] PR[k3, 0, n3] PR[k1 -p2, 0, n4] PR[k1 +pl -k3, 0, n5]
PR[k1 +k2 +pl, 0, n6] PR[k1 +k2 -p2, 0, n71}, {k1, k2, k3}, Test Al gorithm- 2];

The D agram
is planar.
m Example21: 3loop vertexq)

Method |

nel= PlanarityTest [{PR[k1, 0, n1] PR[k2, O, n2] PR[k3, 0, n3] PR[k3 -pl, 0, n4]
PR[k3 -k1 +p2, 0, n5] PR[k1 +k2-k3 +pl, O, n61}, {k1, k2, k3}, DranG aph - True];

The D agram

is planar.

1,0]

Method Il

n471= Planari tyTest [{PR[k1, 0, n1] PR[k2, O, n2] PR[k3, 0, n3] PR[k3 -pl, 0, n4]
PR[k3 -k1 +p2, 0, n5] PR[k1 +k2-k3+pl, 0, n61}, {k1, k2, k3}, TestA gorithm- 2];
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The D agram
is planar.
= Example22: 3loop vertexh)

Method |

n@el= PlanarityTest [{PR[k1, 0, n1] PR[k2, O, n2] PR[k3, 0, n3] PR[k1 +k3, 0, n4]
PR[k2 -k1 +pl, 0, n5] PR[k2 -k1-k3-p2, O, n61}, {k1, k2, k3}, DranG aph - True];

The D agram

is planar.

Method Il

o= PlanarityTest [{PR[k1, 0, n1] PR[k2, 0, n2] PR[k3, 0, n3] PR[k1 +k3, 0, n4]
PR[k2 -k1 +pl, 0, n5] PR[k2 -k1-k3-p2, 0, n61}, {k1, k2, k3}, TestA gorithm- 2];

The D agram
is planar.
= Example23: 4 loop vertex

Method |

nsop= Planari tyTest [{PR[k1, 0, n1] PR[k1 +pl, 0, n2] PR[K1 +k2 +pl, 0, n3]
PR[k1 +k2 +k3 +pl, 0, n4] PR[k1 +k2 +k3 +pl +p2, 0, n5] PR[k1 +k2 +k3 +k4 +pl +p2, 0, n6]
PR[K1 +k2 +k3 +k4, 0, n7] PR[K2 +k3 +k4, 0, n8] PR[k2 +k4, 0, n9] PR[k2, 0, n10]
PR[k3, 0, n11] PR[k4, 0, n121}, {k1, k2, k3, k4}, Drawd aph -» True];
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The D agram

is non-pl anar .

Method Il

ns1= Planari tyTest [{PR[k1, 0, n1] PR[k1 +pl, O, n2] PR[k1 +k2 +pl, 0, n3]
PR[K1 +k2 +k3 +pl, O, n4] PR[K1 +k2 +k3 +pl +p2, 0, n5] PR[K1 + k2 +k3 +k4 +pl +p2, 0, n6]
PR[K1 + k2 + k3 +k4, 0, n7] PR[k2 +k3 +k4, 0, n8] PR[k2 +k4, 0, n9] PR[k2, 0, nl10]
PR[k3, O, n11] PR[k4, O, n12]1}, {k1, k2, k3, k4}, Test A gorithm- 27;

The D agram
is non-pl anar .
m Example 24: double box (non-planar)

Method |

2= Planari tyTest [{PRIK1 +k2 +pl +p2 +p3, 0, n1] PR[k1 +k2, 0, n2] PR[k1, O, n3] PR[k1 +pl, 0, n4]
PR[k1 +pl +p2, 0, n5] PR[k2 +p3, O, n6] PR[k2, 0, n71}, {k1, k2}, Draw@ aph - True];
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The D agram

is non-pl anar .

Method Il

3= Panari tyTest [{PR[KL +k2 +pl +p2 +p3, 0, n1] PR[k1 +k2, 0, n2] PR[k1, O, n3] PR[k1 +pl, O, n4]
PR[K1 +pl +p2, 0, n5] PR[k2 +p3, 0, n6] PR[k2, O, n7]}, {k1, k2}, Test Al gorithm- 2];

The O agram
i's non-pl anar .
= Example 25: double box

Method |

ns4= PlanarityTest [{PR[k1, 0, n1] PR[k1 +pl, 0, n2] PR[k1 +pl+p2, 0, n3] PR[-k1 +k2, 0, n4]
PR[k2, O, n5] PR[k2 +pl +p2, 0, n6] PR[k2 -p3, 0, n71}, {k1, k2}, Dran@ aph - True];
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The D agram

is planar.

Method 11

nssi= PlanarityTest [{PR[k1, O, n1] PR[k1 +pl, 0, n2] PR[k1 +pl+p2, 0, n3] PR[-k1 +k2, 0, n4]
PR[k2, 0, n5] PR[K2 +pl +p2, O, n6] PR[k2 -p3, 0, n71}, {k1, k2}, Test Al gorithm- 2];
The D agram

is planar.
= Example 26: pentagon

Method |

nse= Planari tyTest [{PR[pl +k1, O, n1] PR[pl +p5+kl, m n2] PR[pl +p5+p4 +kl, m n3]
PR[p1 +p5 +p4 +p3 +k1, 0, n4] PR[k1, m n5]1}, {k1}, Draw@ aph - Truel;
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The D agram

is planar.

—-pl-p3

—p4-p5

[k1+ pl+p3% p4+p50]

[k1+4pl+p4+p5m]

[k1+/p1,0]

Method Il

ns7= Planari tyTest [{PR[pl +k1, O, n1] PR[pl +p5+kl, m n2] PR[pl +p5 +p4 +kl, m n3]
PR[p1 +p5 +p4 +p3 +k1, 0, n4] PR[k1, m n5]1}, {k1}, TestA gorithm- 2];

The DO agram
is planar.
= Example27: 2 loop pentabox

Method |

nse= Planari tyTest [{PR[k1, O, n1] PR[k1 -k2, 0, n2] PR[k1 +pl +p2, O, n3] PR[K1 -p4 -p5, 0, nd]
PR[k1 -p5, 0, n5] PR[k2, 0, n6] PR[k2 +pl, O, n7] PR[k2 +pl +p2, O, n8]1}, {k2, k1}, Drawdaph - Truel];
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The D agram
is planar.
[k1-$5,0] tatt
[k1-{k20] [k2+|p1,0]
[k1-p4-p50] tk2-+p1+p20}
[k1+pi+p20]

—-p1-p2/~p4-p5

Method Il

nsop= P anari tyTest [{PR[k1, O, n1] PR[k1 -k2, 0, n2] PR[k1 +pl +p2, O, n3] PR[k1 -p4 -p5, 0, nd]
PR[k1 -p5, 0, n5] PR[k2, 0, n6] PR[k2 +pl1, 0, n7] PR[k2 +pl +p2, 0, n8]}, {k2, k1}, TestA gorithm- 27;
The O agram

is planar.
= Example 28: product of diagrams

Method |

meol= Pl anarityTest [{PR[k1, OW nl1] PR[k2, 0, n2] PR[k1 -p2, O, n3] PR[pl +p2 -k1, O, n4] PR[pl +p2 -k2, O, n5]},
{k1, k2}, DranG aph - True];
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The D agram

is planar.

Method Il

mne1= PlanarityTest [{PR[k1, OW nl1] PR[k2, 0, n2] PR[k1 -p2, 0, n3] PR[pl +p2 -k1, 0, n4] PR[pl +p2-k2, O, n5]1},
{k1, k23, TestA gorithm-2];

The D agram
is planar.
= Example 29: product of diagrams

Method |

nezi= P anarityTest [{PR[k1, OW nl1] PR[k2, 0, n2] PR[k1 -p2, 0, n3] PR[pl +p2-k1, 0, n4] PR[pl +p2-k2, O, n5]},
{k1, k2}, Draw@ aph - True];
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The D agram

is planar.

Method Il

mne3= P anarityTest [{PR[k1, OW nl1] PR[k2, 0, n2] PR[k1 -p2, 0, n3] PR[pl +p2-k1, 0, n4] PR[pl +p2 - k2,
{k1, k2}, TestA gorithm- 2];

The D agram
is planar.

= Example 30: one loop vertexwith 2 loop tadpoleattached

Method |

ne4= Pl anarityTest [
{PR[k1, 0, n1] PR[k2, 0, n2] PR[k3, 0, n3] PR[k3 -p2, O, n4] PR[k1 +k2, 0, n5] PR[k3 +pl, 0, n6]},
{k1, k2, k3}, Dran@ aph -» True];
ERRCR. input diagram cannot be anal ysed and/or drawn using Method |.
please try Method Il wthout draw ng option and/or wth option VertexLegNum -> 5
ines)= P anari tyTest [
{PR[k1, 0, n1] PR[k2, 0, n2] PR[k3, 0, n3] PR[k3 -p2, O, n4] PR[k1 +k2, 0, n5] PR[k3 +pl, 0, n6]},
{k1, k2, k3}, DrawG@ aph - True, VertexLegNum- 5];
ERRCR. input diagram cannot be anal ysed and/or drawn using Method |.
please try Method Il wthout drawing option and/or wth option VertexLegNum -> 5
neel= Pl anarityTest [{PR[k1, O, n1] PR[k1, O, n11] PR[k2, O, n2] PR[k3, 0, n3] PR[k3 -p2, 0, n4]
PR[k1 +k2, 0, n5] PR[k3 +pl, O, n6]}, {k1, k2, k3}, Dranw@ aph -» True, VertexLegNum- 5];

0, n5]1},
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The D agram

is planar.

Method Il

ne7= PlanarityTest [
{PR[k1, 0, n1] PR[k2, 0, n2] PR[k3, 0, n3] PR[k3 -p2, 0, n4] PR[k1 +k2, 0, n5] PR[k3 +pl, 0, n61},
{k1, k2, k3}, Test Al gorithm- 27;

The O agram
is planar.

= Example31: 2 loop vertexwith a bubble

Method |

nesl= Pl anarityTest [{PR[k1, m nl1] PR[pl+k1, 0, n2] PR[k2, m n3] PR[k2 -k1 -pl, m n4] PR[K1 +pl+p2, m n5]},
{k1, k2}, Dran@ aph - True];

The D agram

is planar.

neo= Pl anarityTest [{PR[k1, m nl1] PR[pl+k1, 0, n2] PR[pl +k1, O, n21]
PR[k2, m n3] PR[k2 -kl -pl, m n4] PR[K1 +pl+p2, m n5]}, {k1, k2}, DrawG@ aph - True];
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The D agram

is planar.

Method Il

mop= P anarityTest [{PR[k1, m nl1] PR[pl +k1, 0, n2] PR[k2, m n3] PR[k2 -k1 -pl, m n4]
PR[k1 +pl, 0, n5] PR[k1 +pl+p2, m n6]1}, {k1, k2}, TestA gorithm- 27;

The O agram
is planar.

= Example32: 3 loop vertexwith 2 loop self-energy insertion

Method |

n71i= PlanarityTest [
{PR[k1, m n1] PR[k2, m n2] PR[k3, m n3] PR[k2 +k3 -k1, m n4] PR[k1 +pl, m n5] PR[k1-p2, O, n6]},
{k1, k2, k3}, Dran@aph - True];

ERRCR. input di agram cannot be anal ysed and/or drawn using Method |.
please try Method Il wthout drawi ng option and/or with option VertexLegNum -> 5

n721= Pl anarityTest [
{PR[k1, m n1] PR[k2, m n2] PR[k3, m n3] PR[k2 +k3 -k1, m n4] PR[k1 +pl, m n5] PR[k1-p2, O, n6]},
{k1, k2, k3}, Draw@aph - True, VertexLegNum- 5];

The D agram

is planar.
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n73= PlanarityTest [{PR[k1, m nl1] PR[k1, m nl12] PR[k2, m n2] PR[k3, m n3]
PR[k2 +k3 -k1, m n4] PR[k1+pl, m n5] PR[k1-p2, O, n6]}, {k1, k2, k3}, Dranw@ aph -» True];

The D agram

is planar.

Method Il

n741= PlanarityTest [
{PR[k1, m n1] PR[k2, m n2] PR[k3, m n3] PR[k2 +k3 -k1, m n4] PR[k1 +pl, m n5] PR[k1-p2, O, n6]},
{k1, k2, k3}, Test Al gorithm- 27;

The O agram
is planar.

= Example 33: vertex+ bubblesa)

Method |

n7si= PlanarityTest [{PR[k1, m nl] PR[k2, m n2] PR[k2 -kl -pl, m n3] PR[k3, m n4]
PR[k3 -k1 -pl, m n5] PR[k1+pl, O, n6] PR[KL1 +pl+p2, m n7]1}, {ki, k2, k3}, Dran@ aph -» True];

The D agram

is planar.

nel= P anarityTest [{PR[k1, m nl1] PR[k2, m n2] PR[k2 -k1 -pl, m n3] PR[k3, m n4] PR[k3 -k1 -pl, m n5]
PR[k1 +pl, 0, n6] PR[k1 +pl, O, n6l] PR[k1 +pl+p2, m n71}, {k1, k2, k3}, Dran@ aph -» True];
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The D agram

is planar.

n77:= PlanarityTest [
{PR[k1, m n1] PR[k2, m n2] PR[k2 -kl -pl, m n3] PR[k3, m n4] PR[k3 -kl -pl, m n5] PR[k1+pl, O, n6]
PR[k1 +pl, 0, n61] PR[K1 +pl, 0, n62] PR[KL +pl+p2, m n71}, {k1, k2, k3}, Dran@ aph -» True];

The D agram

is planar.

Method Il

n7el= P anarityTest [
{PR[k1, m nl] PR[k2, m n2] PR[k2 -k1 -pl, m n3] PR[k3, m n4] PR[k3 -kl -pl, m n5] PR[K1 +pl, O, n6]
PR[k1 +pl, 0, n61] PR[k1 +pl, 0, n62] PR[K1 +pl+p2, m n71}, {k1, k2, k3}, Test A gorithm- 2];

The D agram

is planar.
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m Example 34: vertex+ bubbleshb)

Method |

nop= PlanarityTest [{PR[k1, 0, n1] PR[k2, O, n2] PR[k2 -k1, 0, n3] PR[k3, 0, n4]
PR[k3 + k1, 0, n5] PR[k4, 0, n6] PR[k4 -k1, O, n7] PR[k1-pl1, O, n8] PR[k1 -pl-p2, O, n91},
{k1, k2, k3, k4}, DrawG aph - True] // Absol ut eTi m ng

The O agram

is planar.

[k1>p1,0] [k1-pil-p20]

ou79)=  {0. 234834, True}
o= Pl anarityTest [{PR[k1, O, n1] PR[k1, O, nl1] PR[k2, O, n2] PR[k2 -k1, 0, n3] PR[k3, 0, n4]
PR[k3 + k1, 0, n5] PR[k4, 0, n6] PR[k4 -k1, 0, n7] PR[k1 -pl, 0, n8] PR[k1l-pl-p2, 0, n91},
{k1, k2, k3, k4}, Draw@ aph - True] // Absol ut eTi ning
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The D agram

is planar.

[k1>p1,0] [k1-pi-p20]

ourgol= {0. 336259, True}
ne1= P anarityTest [{PR[k1, O, n1] PR[k1, O, n11] PR[k1, O, n12] PR[k2, O, n2] PR[k2 -k1, 0, n3] PR[k3, 0, n4]
PR[k3 + k1, 0, n5] PR[k4, 0, n6] PR[k4 -k1, O, n7] PR[k1-pl1, O, n8] PR[k1 -pl-p2, O, n91},
{k1, k2, k3, k4}, Draw@ aph - True] // Absol ut eTi m ng
The D agram

is planar.

ouei- {0. 938522, True}
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nez= Pl anarityTest [
{PR[k1, 0, n1] PR[k1, 0, n11] PR[k1, 0, n12] PR[k1, O, n13] PR[k2, 0, n2] PR[k2 -k1, 0, n3] PR[k3, 0, n4]
PR[k3 +k1, 0, n5] PR[k4, 0, n6] PR[k4 -k1, 0, n7] PR[k1-pl, O, n8] PR[k1-pl-p2, O, n91},
{k1, k2, k3, k4}, Draw@ aph - True] // Absol ut eTi ning
The D agram

is planar.

oursz)= {8. 747735, True}

Method Il

nes= PlanarityTest [
{PR[K1, 0, n1] PR[k1, 0, n11] PR[k1, 0, n12] PR[k1, 0, n13] PR[k2, 0, n2] PR[k2-k1, 0, n3] PR[k3, 0, n4]
PR[k3 +k1, 0, n5] PR[k4, 0, n6] PR[k4 -k1, 0, n7] PR[K1-pl, 0, n8] PR[kl -pl-p2, O, n91},
{k1, k2, k3, k4}, Test A gorithm- 2] // Absol ut eTi ning

The D agram
is planar.
ourszl= {0. 526891, True}

m Example 35: vertex + bubblesc)

Method |
ne4= Pl anarityTest [{PR[k1, O, n1] PR[k2, O, n2] PR[k2 -k1, O, n3] PR[k3, 0, n4] PR[k3 +k1, 0, n5] PR[k4, 0, n6]
PR[k4 -k1, 0, n7]1 PR[k5, 0, n8] PR[k5 +k1, O, n9] PR[k1 -pl, O, n10] PR[k1 -pl-p2, O, n1l]},
{k1, k2, k3, k4, k5}, Dran@ aph - True] // Absol ut eTi m ng
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The D agram

is planar.

oursa= {0. 475620, True}
nesi= Pl anarityTest [{PR[k1, O, n1] PR[k1, O, n11] PR[k2, O, n2] PR[k2 -k1, 0, n3] PR[k3, O, n4] PR[k3 +k1, 0, n5]
PR[k4, 0, n6] PR[k4 -k1, 0, n7] PR[k5, O, n8] PR[k5 +k1, 0, n9] PR[k1 -pl1, O, nl0]
PR[k1-pl-p2, 0, n11]}, {k1, k2, k3, k4, k5}, DrawG@ aph -» True] // Absol ut eTi ni ng
The D agram

is planar.

oufesl= {1.942249, True}
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neel= Pl anarityTest [{PR[k1, O, n1] PR[k1, O, n11] PR[k1, O, n12] PR[k2, O, n2] PR[k2 -k1, 0, n3] PR[k3, 0, n4]
PR[k3 + k1, 0, n5] PR[k4, 0, n6] PR[k4 -k1, 0, n7] PR[k5, 0, n8] PR[k5 +k1, 0, n9] PR[k1 -pl, 0, nl0]
PR[k1-pl-p2, 0, n11]}, {k1, k2, k3, k4, k5}, DranwG@ aph -» True] // Absol ut eTi ning

The O agram

is planar.

ourssl= {18. 253752, True}

mne7i= Planari tyTest [{PR[k1, O, n1] PR[k1, O, n11] PR[k1, O, n12] PR[k1, O, n13] PR[k2, 0, n2]
PR[k2 - k1, 0, n3]1 PR[k3, 0, n4] PR[k3 +k1, 0, n5] PR[k4, 0, n6] PR[k4 -k1, 0, n7]
PR[K5, 0, n8] PR[k5 +k1, 0, n9] PR[k1 -pl1, 0, n10] PR[k1 -pl-p2, 0, nl1l]},
{k1, k2, k3, k4, k5}, Draw@ aph - True] // Absol ut eTi m ng
The O agram

is planar.

oue7)= {661. 825879, True}
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Method Il

mnegl= Pl anarityTest [{PR[k1, O, n1] PR[k1, O, n11] PR[k1, O, n12] PR[k1, 0, n13] PR[k2, 0, n2]
PR[k2 -k1, 0, n3] PR[k3, 0, n4] PR[k3 +k1, 0, n5] PR[k4, O, n6] PR[k4 -k1, 0, n7]
PR[K5, 0, n8] PR[k5 +k1, 0, n9] PR[k1 -pl1, 0, n10] PR[k1 -pl-p2, 0, nl1l]},
{k1, k2, k3, k4, k5}, Test A gorithm- 2] // Absol ut eTi m ng

The D agram
is planar.

oursgl= {2.437872, True}
= Example 36: vertex + a)

Method |

neo= PlanarityTest [{PR[k1, O, n1] PR[k2, O, n2] PR[k2 +k1, 0, n3] PR[k3, 0, n4] PR[k3 +k1, 0, n5] PR[k4, 0, n6]
PR[k4 -k3, 0, n7] PR[k1 +k3 -k4, 0, n8] PR[k5, 0, n9] PR[k5 +k1, 0, n10] PR[k1 -p1, 0, nil]
PR[k1 -pl-p2, 0, n12]}, {k1, k2, k3, k4, k5}, Draw@ aph -» True] // Absol ut eTi ni ng

The D agram

is planar.

[k1-pl1-p20]

oueel= {1.226391, True}

Method 11
neop= Pl anarityTest [{PR[k1, O, n1] PR[k2, O, n2] PR[k2 +k1, 0, n3] PR[k3, 0, n4] PR[k3 +k1, 0, n5] PR[k4, 0, n6]
PR[k4 -k3, 0, n7] PR[k1 + k3 -k4, 0, n8] PR[k5, 0, n9] PR[k5 + k1, 0, n10] PR[k1 -pl1, O, nll]
PR[k1-pl-p2, 0, n12]}, {k1, k2, k3, k4, k5}, Test A gorithm- 2] // Absol ut eTi m ng



The D agram
is planar.
oueo= {2. 004222, True}
= Example37: vertex+ b)

Method |
no1= PlanarityTest [{PR[k1, 0, n1] PR[k2, O, n2] PR[k2 +k1, 0, n3] PR[k3, 0, n4]
PR[k3 +k2, 0, n5] PR[k1 +k3 +k2, 0, n6] PR[k4, 0, n7] PR[k1 -k4, 0, n8] PR[k5, 0, n9]
PR[k5 - k4, 0, n10] PR[k1 -k4 +k5, 0, n11] PR[k1 -p2, 0, n12] PR[k1 -pl-p2, O, n13]},
{k1, k2, k3, k4, k5}, Drawd aph - True] // Absol ut eTi mi ng
The D agram

is planar.

[k1-pd—p20]

ouen- {7. 415171, True}

Method Il

nezi= PlanarityTest [{PR[k1, 0, n1] PR[k2, O, n2] PR[k2 +k1, 0, n3] PR[k3, 0, n4]
PR[k3 +k2, 0, n5] PR[k1 +k3 +k2, 0, n6] PR[k4, 0, n7] PR[k1 -k4, 0, n8] PR[k5, 0, n9]
PR[K5 - k4, 0, n10] PR[k1 -k4 +k5, 0, n11] PR[k1 -p2, 0, n12] PR[k1 -pl -p2, O, nl3]},
{k1, k2, k3, k4, k5}, Test A gorithm- 2] // Absol ut eTi m ng

The D agram
is planar.
ouezl= {2.233452, True}

= Example 38: vertex + c)

Method |

examples.nb

|37
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nesi= PlanarityTest [{PR[k1, 0, n1] PR[k2, O, n2] PR[-k2 +k1, 0, n3] PR[k3, 0, n4] PR[k3 +k1, O, n5]
PR[k1 + k3 -k4, 0, n6] PR[k4, 0, n7] PR[k4 -k5, 0, n8] PR[k5, 0, n9] PR[k4 -k3, 0, n10]
PR[k1 -p2, 0, n11] PR[k1 -pl-p2, 0, n121}, {k1, k2, k3, k4, k5}, Dranw@ aph -» True] // Absol ut eTi ni ng

The O agram

is planar.

ourezl= {0. 866434, True}

Method 11

ne4= Pl anarityTest [{PR[k1, O, n1] PR[k2, O, n2] PR[-k2 +k1, 0, n3] PR[k3, 0, n4] PR[k3 +k1, 0, n5]
PR[k1 + k3 -k4, 0, n6] PR[k4, O, n7] PR[k4 -Kk5, 0, n8] PR[K5, 0, n9] PR[k4 -k3, 0, n10]
PR[k1 -p2, 0, n11] PR[k1 -pl -p2, 0, n121}, {k1, k2, k3, k4, k5}, Test A gorithm- 2] // Absol ut eTi m ng

The D agram
is planar.

oufea)= (2. 054944, True}
= Example 39: vertex+d)

Method |

nes= Pl anarityTest [{PR[k1, O, n1] PR[k2, O, n2] PR[-k2 +k1, 0, n3] PR[k3, 0, n4]
PR[k3 + k1, 0, n5] PR[k1 +k3 +k4, 0, n6] PR[k4, 0, n7] PR[k3 +k5, 0, n8] PR[k5, 0, n9]
PR[k3 + k4 +k5, 0, n10] PR[k1 +k3 +k4 +k5, 0, n11] PR[k1 -p2, 0, n12] PR[k1 -pl-p2, 0, n13]},
{k1, k2, k3, k4, k5}, Dran@ aph - True] // Absol ut eTi ni ng
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The D agram

is non-pl anar .

oufes= {6. 049647, Fal se}

Method Il

nee= PlanarityTest [{PR[k1, O, n1] PR[k2, O, n2] PR[-k2 +k1, 0, n3] PR[k3, 0, n4]
PR[k3 +k1, 0, n5] PR[k1 +k3 +k4, 0, n6] PR[k4, 0, n7] PR[k3 +k5, 0, n8] PR[k5, 0, n9]
PR[k3 + k4 +k5, 0, n10] PR[k1 + k3 + k4 +k5, 0, n11] PR[k1 -p2, 0, n12] PR[k1 -pl-p2, 0, n13]},
{k1, k2, k3, k4, k5}, Test A gorithm- 2] // Absol ut eTi m ng

The O agram
i's non-pl anar .

oueel= {2. 244753, Fal se}
= Example40: vertex + €)

Method |
me7= PlanarityTest [{PR[k1, O, n1] PR[k2, 0, n2] PR[k2 + k1, O, n3] PR[k3, 0, n4]
PR[k2 +k3 +k1, 0, n5] PR[k1 +k2 +k3 +k4, 0, n6] PR[k4, 0, n7] PR[k1 +k2 + k3 +k4 +k5, 0, n8]
PR[k5, 0, n9] PR[k1 +k3, 0, n10] PR[k1 -p2, 0, n11] PR[k1 -pl-p2, O, n12]},
{k1, k2, k3, k4, k5}, Dran@ aph - True] // Absol ut eTi m ng

|39
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The D agram

is planar.

oue7j= {0. 683741, True}

Method Il

negl= Pl anarityTest [{PR[k1, 0, n1] PR[k2, O, n2] PR[k2 +k1, 0, n3] PR[k3, 0, n4]
PR[k2 +k3 +k1, 0, n5] PR[k1 +k2 + k3 +k4, 0, n6] PR[k4, 0, n7] PR[k1 + k2 + k3 +k4 + k5, 0, n8]
PR[k5, 0, n9] PR[k1 +k3, 0, n10] PR[k1 -p2, O, nl1] PR[k1 -pl-p2, O, nl2]},
{k1, k2, k3, k4, k5}, Test A gorithm- 2] // Absol ut eTi nm ng

The O agram
is planar.

ouresl= {1.932294, True}
= Example4l: vertex+f)

Method |
meor= PlanarityTest [{PR[k1, 0, n1] PR[k2, O, n2] PR[k2 + k1, O, n3] PR[k3, 0, n4]
PR[k2 -k3 +k1, 0, n5] PR[k3 +k4, 0, n6] PR[k4, 0, n7] PR[k3 + k4 +k5, 0, n8] PR[k5, 0, n9]
PR[k4 + k5, 0, n10] PR[k3 -k2, 0, n11] PR[k1 -p2, 0, n12] PR[k1 -pl-p2, O, nl13]},
{k1, k2, k3, k4, k5}, Dran@ aph - True] // Absol ut eTi m ng
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The D agram

is planar.

oufegl= {4. 806903, True}

Method Il

nooj= PlanarityTest [{PR[k1, 0, nl] PR[k2, 0, n2] PR[k2 +k1, 0, n3] PR[k3, 0, n4]
PR[k2 -k3 +k1, 0, n5] PR[k3 +k4, 0, n6] PR[k4, 0, n7] PR[k3 + k4 + k5, 0, n8] PR[k5, 0, n9]
PR[k4 + k5, 0, n10] PR[k3 -k2, 0, n11] PR[k1 -p2, 0, n12] PR[k1 -pl-p2, 0, n13]},
{k1, k2, k3, k4, k5}, Test A gorithm- 2] // Absol ut eTi nm ng

The O agram
is planar.

oufioo)= {4. 479948, True}
m Example42: vertex + Q)

Method |
mnpoi= P anarityTest [{PR[k1, 0, n1] PR[k2, O, n2] PR[k2 +k1, 0, n3] PR[k3, 0, n4]
PR[k2 + k3 +k1, 0, n5] PR[k3 +k2, 0, n6] PR[k4, 0, n7] PR[k3 + k4 +k2, 0, n8] PR[k5, 0, n9]
PR[k1 + k2 + k4 +k3, 0, n10] PR[k5 -k4, 0, n11] PR[k1 -p2, 0, n12] PR[k1 -pl-p2, O, nl3]},
{k1, k2, k3, k4, k5}, Dran@ aph - True] // Absol ut eTi m ng
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The D agram

is planar.

[k1-p¥=-p20]

oufio1= {8.588384, True}

Method Il

npoz:= PlanarityTest [{PR[k1, 0, nl] PR[k2, 0, n2] PR[k2 +k1, O, n3] PR[Kk3, 0, n4]
PR[k2 +k3 +k1, 0, n5] PR[k3+k2, 0, n6] PR[k4, 0, n7] PR[k3 +k4 +k2, 0, n8] PR[k5, 0, n9]
PR[K1 + k2 +k4 +k3, 0, n10] PR[k5 -k4, 0, n11] PR[k1 -p2, 0, n12] PR[k1 -pl-p2, O, n13]},
{k1, k2, k3, k4, k5}, Test Al gorithm- 2] // Absol ut eTi m ng

The O agram
is planar.
oufi02)= {2. 184458, True}

m Example43: vertex+ h)

Method |
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nozi= PlanarityTest [{PR[k1, 0, nl] PR[k2, 0, n2] PR[k2 +k1, 0, n3] PR[k3, 0, n4] PR[k2 + k3 +k1, 0, n5]
PR[k4 + k2, 0, n6] PR[k4, 0, n7] PR[-k5 +k4 +k2, 0, n8] PR[k5, 0, n9] PR[k1 + k2 -k5 +k3, 0, n10]
PR[k1 + k2 + k3 + k4 -k5, 0, n11] PR[k2 + k3 + k4 -k5, 0, n12] PR[k1 -p2, 0, n13] PR[k1 -pl -p2, O, nl4]},
{k1, k2, k3, k4, k5}, Dran@ aph - True] // Absol ut eTi ni ng
The D agram

is non-pl anar .

[k1+k2+RKS

[k1-|

oufioz= {42. 692192, Fal se}

Method Il
nto4:= PlanarityTest [{PR[k1, 0, nl] PR[k2, 0, n2] PR[k2 +k1, O, n3] PR[k3, 0, n4] PR[k2 + k3 +k1, 0, n5]
PR[k4 + k2, 0, n6] PR[k4, 0, n7] PR[-k5 +k4 + k2, 0, n8] PR[k5, 0, n9] PR[k1 + k2 -k5 +k3, 0, n10]
PR[K1 + k2 + k3 + k4 - k5, 0, n11] PR[k2 + k3 + k4 -k5, 0, n12] PR[k1 -p2, 0, n13] PR[k1 -pl-p2, O, nl4]},
{k1, k2, k3, k4, k5}, TestA gorithm- 2] // Absol ut eTi m ng
The D agram
is non-pl anar .

oufio4= {2. 602694, Fal se}
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= Example44: vertex + k)

Method |
nposi= PlanarityTest [{PR[k1, 0, nl] PR[k2, 0, n2] PR[k2 +k1, 0, n3] PR[k3, 0, n4] PR[k2 + k3 +k1, 0, n5]
PR[k4 -k2, 0, n6] PR[k4, 0, n7] PR[k1 + k4 +k3, 0, n8] PR[k5, 0, n9] PR[k1 + k5 +k3, 0, nl0]
PR[-k4 +k5, 0, n11] PR[k1 +k5, 0, n12] PR[k1 -p2, 0, n13] PR[k1 -pl-p2, 0, nl4]},
{k1, k2, k3, k4, k5}, Drawd aph - True] // Absol ut eTi mi ng

The D agram

is planar.

auios= {59. 764877, True}

Method Il
o= PlanarityTest [{PR[k1, 0, nl] PR[k2, 0, n2] PR[k2 +k1, 0, n3] PR[k3, 0, n4] PR[k2 + k3 +k1, 0, n5]
PR[k4 -k2, 0, n6] PR[k4, 0, n7] PR[k1 +k4 +k3, 0, n8] PR[k5, 0, n9] PR[k1 +k5 + k3, 0, n10]
PR[-k4 +k5, 0, n11] PR[k1 +k5, 0, n12] PR[k1 -p2, 0, n13] PR[k1 -pl-p2, 0, nl4]},
{k1, k2, k3, k4, k5}, Test A gorithm- 2] // Absol ut eTi m ng
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The D agram
is planar.

oufiosl= {2. 480502, True}



